Brake judder is a braking induced, forced vibration occurring in di erent types of vehicles. The judder frequency is directly proportional to the revolution speed of the wheel and therefore also to the velocity of the vehicle. The driver experiences judder as vibrations in the steering wheel, brake pedal and oor. In the higher frequency range, the structural vibrations are accompanied by a sound. Brake judder primarily a ects the comfort but could, when confronting an inexperienced driver for the rst time, lead to faulty reactions and reduced driving safety. Furthermore, a speci c type of judder, so-called hot judder, is related to disc cracking. There are numerous publications available dealing with high frequency vibrations, such as brake squeal, including mathematical models for analysis and simulation. However, low frequency phenomena, such as brake judder and groan, have received much less attention. There is a growing interest from the automotive industry concerning brake judder. Even though few companies would admit that they have the problem, it is not unusual to meet people who have experienced the problem in their own passenger cars. Much of the knowledge concerning brake judder remains within the companies. Hence, very few people have the full picture. The purpose of the present paper is to give an overview of the brake judder problem.
INTRODUCTION
In the low frequency domain, there are two fundamentally di erent types of structural vibrations, namely judder and groan, and their associated airborne noise called hum and moan respectively. Even though the frequency of judder is normally lower than that of groan, and groan is lower than squeal, the frequency ranges overlap in the region 400-500 Hz. Anyhow, brake judder is easily recognized, as its frequency is proportional to the vehicle speed. The frequency of brake squeal is independent of the speed of the vehicle. While judder is a forced vibration mostly due to geometrical deviations (including spatial variations of the coe cient of friction) of the brake disc, groan is an instability phenomenon occurring as a result of speci c types of friction-velocity characteristics. Squeal, on the other hand, involves bending modes of the brake components [1] .
Traditional classi cation
Traditionally, brake noise and vibrations are classi ed according to their dominant frequencies, with those below a certain limit (100, 500 or 1000 Hz) being called judder or hum. Above this limit the vibrations are regarded as high frequency noise including squeal. The main disadvantage with this classi cation is that one physical phenomenon can be split into two di erent classes and, at the same time, fundamentally di erent phenomena will be included in the same term. However, the classi cation is related to the way in which the phenomena are experienced by the driver and passengers.
Thermal or hot judder is caused by the following:
(a) thermal deformation, for example coning and waving of a disc; (b) uneven thermal expansion; (c ) phase transformation of disc material.
Cold judder is caused by geometrical irregularities due to machining, mounting, uneven wear, uneven corrosion or uneven friction lm generation. Normally, judder consists of a combination of cold and hot judder, and hence the terms 'hot' and 'cold' are somewhat misleading. For example, a high disc thickness variation (DTV ) level may indeed induce friction level variations, since a locally thicker area of the disc will be exposed to a locally higher contact pressure and become hotter. Furthermore, such areas will become hotter and expand more [2, 3].
Phenomenological classi cation
The classi cation of braking-induced noise and vibrations suggested by the author is as follows [4, 5] :
1. Forced vibrations. These include brake judder vibration and its associated brake noise called hum.
Vibrations primarily caused by friction characteristics.
The group includes creep groan and dynamic groan vibration and their associated moan noise. Creep groan, which is related to stick-slip motion, is caused by a static coe cient of friction that is higher than the dynamic one. Dynamic groan on the other hand is an instability phenomenon occurring as a result of a speci c type of friction-velocity characteristic usually known as 'negative damping'. Groan is discussed in more detail in references [4] and [5] . 3. Vibrations primarily caused by resonances of the brake components. Noises in this class are squeal and wire brush noises, etc. The corresponding vibrations propagate through the air rather than through the vehicle structure. This is similar to the classi cation by Abdelhamid [6 ] . One of the bene ts of the classi cation is that it is coupled to the way of modelling the vibrations. Another bene t is the connection to appropriate experimental tools. In addition, the classi cation separates the two fundamentally di erent brake vibrations judder and groan from each other. The vibration frequency of brake judder is directly proportional to the wheel speed and therefore also to the velocity of the vehicle. Hence, it is common to relate the judder frequencies to the wheel speed; for example, frequencies at twice the number of wheel rotations per second are called second-order judder. Two main groups of judder are identi ed [4] , according to their vibration order:
1. Normally, there are some more or less static (i.e. 'cold') pronounced deviations from the ideal geometry of the lower order (LO) type, with a vibration order from 1 to 5. The disturbed geometry will result in uneven contact pressure and temperature elds as well as uneven thermal expansion especially at long or repeated brake applications [7] . Hence, the static deviations will be reinforced during braking. 2. Superimposed on the LO variations of, for instance, a brake disc, there are higher-order geometrical and/or frictional deviations, with low static amplitudes. However, especially for long low intensity brakings, the temperature and pressure eld will gradually become more and more localized, as the braking continues. Hot bands are generated on the pad and disc, leading to a number (usually 6-20 [8] ) of hot spots on the disc. The dominant judder order and the actual number of hot spots normally coincide [9, 10] . As for LO judder, an uneven heating of the disc will cause a temporary DTV and also often shape deformation (e.g. coning and buckling). At su ciently high local temperatures, remaining discoloured areas [10] with locally di erent speci c volume, wear and friction characteristics will occur.
When de ning brake judder as braking-induced forced vibrations, the upper limit of its frequency is determined by the maximal vehicle speed, the wheel radius and judder order. For instance, let a passenger car brake from 170 km/h down to zero. Then the 20th-order judder vibrations will sweep from 500 Hz, while the upper limit of the rst-order vibration will be only 25 Hz, owing to the maximum revolution speed of the wheels. Consequently, resonances above 100 Hz will not in practice be excited by the rst-order disturbances.
PHYSICAL EFFECTS CAUSING BRAKE TORQUE VARIATION AND BRAKE PRESSURE VARIATION
There are several physical e ects causing brake torque variation (BTV ) and brake pressure variation ( BPV ) and hence judder. The ones discussed in this work (see Fig. 1 ) are geometrical irregularities, uneven wear of the brake rotor, uneven friction lm between rotor and lining, uneven heating of the rotor, uneven pressure distribution, the friction characteristic and friction level, and external forces. The di erent e ects or sources are generally not independent of each other. There are strong couplings between geometrical irregularities, uneven wear and uneven heating.
Geometrical irregularities
For disc brake judder the most important geometrical properties are DTV and run-out of the disc. In addition to geometrical irregularities of a static or remaining nature, there can be a dynamic and reversible variation of disc geometry (thermal DTV, etc.). Because of the oating calliper normally used in modern disc brakes, an increase of the pad normal force on one side is compensated (at least partly) by a decrease on the opposite side. Hence, de ections from ideal shapes such as run-out, etc. do not contribute to BTV and BPV (and judder) except at the extreme values where non-linearities, inertia forces and unbalances become important [11] . However, run-out can indirectly cause vibrations by the increase of DTV due to uneven wear [8] .
The magnitude of the run-out is determined by disc machining and mounting tolerances, bearing clearances and disc distortion during braking. In addition, external forces such as tyre forces and unbalances a ect the run-out.
A DTV of 15 ím (measured in cold conditions) is observable as brake judder to an experienced driver in a sensitive car under certain braking conditions. Consequently, to achieve safety margins, the initial DTV level varies between 6 and 10 ím for most manufacturers [11, 12] . On a long time scale, DTV is known to grow asymptotically from its initial value to a maximum, because of wear [13] ; the higher the initial disc run-out, the faster the DTV growth [13] . DTV can also be caused by uneven corrosion of the rotor when parked since the pads partly 'protect' the disc surface.
Kao et al. [7] found a considerable thermal coning and thermal growth of DTV ( rst and second order) when measuring the instantaneous disc surface de ection during a brake stop using capacitive transducers. The DTV level (and hence BTV ) increased linearly with time during braking. The brake application time [ how often the braking is repeated [2] are also important factors for brake judder to develop. Experimental investigations [11, 12] have shown that the instantaneous DTV is the primary contributor to disc brake judder on passenger cars. DTV is a very complex phenomenon consisting of the following:
1. Initial DTV arises from manufacturing and mounting. 2. Wear and cleaning processes produce DTV. 3. There are more or less permanent areas, with locally di erent speci c volume, friction and wear properties caused by phase transformations when locally overheating the disc. This DTV remains after cooling of the disc. 4. Temporary thermal growth of DTV takes place during each brake application owing to uneven heating and localized contact area and pressure, i.e. thermoelastic instability ( TEI ) processes [7, 11] .
Thermal expansion due to a local temperature di erence of 200-300°C directly causes a di erence of DTV amplitude of the order of 10 ím. Consequently, DTV increases with braking time, especially for 'hard' pads. 5. Uneven friction lm thickness may contribute several ím. 6. Uneven corrosion and deposition of heated pad material on the disc could occur.
Uneven wear
O -brake wear, sometimes called 'cold erosion', is coupled to DTV and can lead to 'cold judder'. Brake discs can develop DTV because the brake pads in the o -brake mode lightly touch the rotors in some sectors but not at all in others, resulting in non-uniform wear.
The o -brake wear may be caused by disc run-out and can be reduced by increasing the distance that the calliper piston is retarded after application of the brake, the so-called rollback [8] . The DTV created by pad contact has two phases: generation and cleaning. The ratio between generation and cleaning is in uenced by the selection of the friction material. Friction materials which generate DTV in the o -brake mode will usually have the ability to eliminate DTV by a higher disc wear in the on-brake mode. In particular, an increase of the high temperature and pressure pad wear could be used to reduce hot spot development, by counteracting localization of the contact pressure on the friction surface [3, 14] . However, increased wear will also speed up the motion of the hot bands [3, 14, 15] , which is believed to be a cause of thermal fatigue of the disc [16] .
Careful drivers may experience brake judder more quickly than sporty drivers since slow application of the brakes at low brake pad pressures prevents 'cleaning' of the disc. Discs causing BTV and hence judder can sometimes be cured by making several hard stops. However, the relative amount of motorway driving is a much more important factor for DTV generation than the driving style [17] .
During long brake applications wear, especially pad wear, becomes substantial. Generally, wear results in a more even temperature distribution and lower temperature maxima [14] . However, the high wear will move the contact surface (i.e. moving hot spots/bands), which might contribute to thermal fatigue of discs. Simulations [3, 14] and measurements [18] show that an increase of the hot pad wear could be used to reduce hot spot development, by counteracting localization of the contact pressure on the friction surface.
Uneven friction lms
The third-body layer, friction lm or transfer lm is a lm a few ím thick consisting of material produced by attrition [19] . The ferrous particles produced by the wear of the cast-iron disc are transformed and oxidized by the atmospheric oxygen and deposited as a grey-black layer on the braking surface of the disc. This layer, together with the corresponding layers on the pads, determines the frictional behaviour of the brake.
When hot brakes are applied on a stationary vehicle, sticking of the pad to the rotor can occur. At very high temperatures, perhaps 500°C, the melted friction material can be 'burnt' into the disc.
Uneven heating
Thermal deformation of a disc consists of the following:
1. Waving or warping of the disc. 2. Coning of the disc. This can lead to high run-out.
Inoue [2] found that thermal run-out can be avoided by a disc design that is stable to coning. 3. Uneven thermal expansion. A temperature di erence of 250°C, which is not unusual, causes a DTV amplitude of 10 ím [2] . Even if no visible hot spots (or blue areas caused by phase transformations) occur during braking, this phenomenon is still important for brake judder occurrence by causing temporary growth of geometrical disturbances. 4. Phase transformation.
Deposition of heated pad material on the disc.
In disc brakes, the rubbing speed and the frictional heat generated increase with the radius. Hence the temperature and pressure elds tend to be localized into band(s) near the outer radius even if the pad and disc are initially perfectly at and parallel with evenly distributed coe cient of friction [3] . The hot bands or rings may develop into hot spots as the rotor buckles [7, 20] . The maximum disc temperature of the spots increases with pad sti ness [15] . Measurements show that a local hot D12302 © IMechE 2003 Proc. Instn Mech. Engrs Vol. 217 Part D: J. Automobile Engineering spot can have a temperature of over 700-800°C and that there can be a temperature di erence of over 300-600°C between the hottest and the coldest local areas of the same disc [2, 3, 21] . Hot spots are usually more or less, but not fully, uniformly distributed [2, 21] .
The thicker areas of a brake disc become hotter than the thinner ones, which causes thermal deformation of the brake disc (thermal coning and buckling [2, 7] ) and also uneven thermal expansion, i.e. thermal DTV. The process can become unstable and is then de ned as a TEI. TEI leads to a more and more localized brake pressure and temperature eld, as the braking continues. In the extreme case, especially at higher order (6-20) disc disturbances, the disc will crack.
Studies by Ste en and Bruns [22] have led to the expected result that small dimensions (i.e. disc and pad thickness and diameter of friction ring) increase the tendency towards hot spotting. Also a higher revolution speed (i.e. higher energy level ) of the disc was found to increase the hot spot generation.
It is the temperature gradients and not the increase in absolute temperature level that cause the increasing judder level during long or repeated braking; see reference [23] . The temperature gradients cause temporary DTV owing to uneven thermal expansion of the disc material [2] . The DTV level (and hence BTV ) increases, often more or less linearly, with time while braking [7] , especially for 'hard' pads and at the outer radius. Hence, the brake application time [7, 11] and how often the braking is repeated [23] are important factors for brake judder development. Hot spotting and thermal DTV become worse for low torque long duration applications than for high torque ones [15] . A light, long application time ( 20-45 s) gives substantially higher temperature and pressure gradients than heavy, shorter ones (3-4 s) [7, 15, 16] .
Also, a higher revolution speed (i.e. higher energy level ) of the disc was found to increase the hot spot generation [11, 22] . In addition, the localization process (and the correlated thermal DTV ) is particularly pronounced at high speed, above 100 km/h [11] . This might be explained by the fact that the TEI process demands a minimal 'critical' speed to develop. As a consequence of this it is essential to test friction material at speeds above the limit 100 km/h (60 miles/h) which is usually standard.
Uneven pressure
In a conventional disc brake analysis, the interface pressure is assumed to be either constant (i.e. constant pressure assumption) or inversely proportional to the radius (i.e. constant wear assumption). However, under dynamic braking conditions, the contact area and brake pressure distribution varies continuously with time because of (a) thermal distortion arising from the friction heat generation, (b) mechanical distortion due to the applied actuation force, (c ) wear of the friction pair material and formation of friction lm, (d ) initial DTV and run-out.
Conventional brake analysis gives an even temperature and pressure distribution as well as maximal temperature, pressure and stress levels which are much lower than their actual peak values [3] .
Friction characteristics and level
The variation of friction with velocity has historically been regarded as the source of all kinds of brakinginduced vibrations, including brake judder. Jacobsson [24] analytically showed that even a constant coe cient of friction may generate judder. No speci c friction characteristics are needed for the phenomenon to occur. However, a negative brake fade or a friction coe cient that increases with brake pressure may increase the problems. To achieve a given brake torque, a pad material with a lower friction coe cient needs a higher brake pressure level. This induces more evenly distributed pressure and temperature elds on the contact surface [16 ] . Consequently, a reduction of the friction coe cient level decreases the judder problems and at the same time reduces the crack probability. Also, the relation between BTV and BPV is a ected by the absolute friction level. This is because BTV is proportional to the coe cient of friction [11] , while BPV is independent of friction.
External forces
Unbalances and tyre force variations may induce a tumbling rigid body motion of the disc, as a result of elasticities of the wheel hub and bearing unit [13] . Such dynamic de ections cause the same type of vibrations (with a frequency that is an integer multiple of the instantaneous brake rotor frequency) as geometrical irregularities. Hence, they may contribute to judder. The wheel hub-bearing design and sti ness contribute to the magnitude of the disc deviation [11] . When the judder is due to the tyre force variation or imbalance, the term brake judder is misleading because it suggests that the excitation force originates from the brakes.
VEHICLE COMPONENTS
BTV and BPV are usually produced by geometrical or other irregularities of the brake components and further transmitted to and ampli ed in the wheel suspension and hydraulic system, as outlined in Fig. 2 Theoretically, a spatial friction coe cient variation around the disc may occur without corresponding variation of the hydraulic pressure (i.e. BPV ). However, physical e ects that generate friction variation such as phase transformation, uneven transfer lm generation, corrosion, etc. will also generate geometrical irregularities (DTV, etc.) with normal force variation and BPV. Hence, it is often meaningful to consider BTV and BPV as an entity. However, their relative magnitudes are functions of the actual friction coe cient.
Independently of how and where the disturbance is produced, it is transmitted and ampli ed in the same way. The wheel suspension ampli es the vibrations, especially the frequencies near its eigenfrequencies. Usually, there is a second ampli cation of the vibration in, for instance, the steering system.
An obvious way of reducing the judder is to reduce the BTV/BPV, which is the source of the vibrations. This traditional approach will place the focus on the brake components, i.e. pad and disc.
An alternative strategy, especially with severe steering wheel vibrations, is to reduce the ampli cation, either the primary ampli cation in the wheel suspension or a relevant secondary ampli cation at the steering system. This can e ectively be achieved by introduction of the brake-by-wire and steering-by-wire techniques. Simulations and measurements by Jacobsson [23] demonstrate that the ampli cation is relatively low in the subcritical region, as indicated in Fig. 6 . Hence the vibration is reduced if the eigenfrequencies of the components in the transfer path are shifted above the frequency range of the rst wheel order excitation (above 25-30 Hz or vehicle speeds above 170-200 km/h), which was suggested by Engel et al. [25] . Also, modal separation of eigenfrequencies in the transfer path should be ensured.
Pads
When developing or choosing a pad material, more than 20 properties are considered [26 ] . Everything from density, melting point, strength (tensile, compressive, exural and shear), machinability, environmental impact, squeal probability, etc. should be considered. With respect to judder, properties of interest are sti ness, coe cient of friction, coe cient of thermal expansion, thermal conductivity, corrosion and porosity.
The most important pad property for judder reduction is the compressive sti ness [11] . The BTV level can vary by a factor of 2-3 (with the same DTV ) depending on the pad composition [21, 27] . The pad compressive sti ness should also be as low as possible to promote uniform contact pressure [3, 8] and to avoid TEI processes such as hot banding and thermal DTV. This will at the same time reduce eventual brake squeal problems [1] .
The relation between the BTV/BPV level and the pad sti ness of modern passenger cars is non-linear [11] . In particular, during compression the material becomes progressively sti er as the load is applied [15] . For these progressive materials the same DTV level will result in a higher BTV level for hard than for light brakings.
To achieve a good 'pedal feel' and positive retraction, the sti ness should be reasonably high and progressive. Generally, the desired zone is narrow and a deviation on either side might lead to complaints [28] . Progressive brake pads, i.e. traditional composite pads [15] , su er from high sensitivity to increases in the DTV level; see reference [5] . A linear pad compression characteristic would not require as high safety margins for increases from the initial DTV (thermal DTV and long-time wear DTV, etc.) as the progressive pad does. In other words, linear pads are likely to accept higher disc thickness tolerances than the 10 ím DTV. The new 'brake-by-wire' technique o ers other ways of achieving 'a good brake feel' than a high and progressive pad compression sti ness.
Disc
The thermal stability of the disc shape is in uenced by the quality of the material and the heat treatment before machining as well as the basic design of the disc rotor. Disc design variants that are more or less stable to coning have been discussed in references [2, 3, 22, 29] . Thermal stability problems can be minimized by choosing high carbon disc materials and introducing thermal stress relief treatment into the machining cycle [13] .
Some of the thermally most important properties of disc brakes are as follows [3, transfer coe cient due to convection varies as the vehicle's velocity to the power 0.8 [3] . 3. Thermal conductivity is the ability to redistribute thermal energy. During long, low intensity brakings, the peak temperature depends largely on the disc material's conductivity [32] . During short brakings, however, the thermal conductivity has little e ect. 4. Thermal expansion coe cient (i.e. related to localization of friction contact due to the thermal deformation) a ects the tendency towards hot spotting and thermal DTV generation. Temperature gradients of a brake disc cause temporary DTV owing to uneven thermal expansion of the material.
Ventilated brake discs are widely used for their weight savings and additional convective heat transfer. However, they may increase judder problems by inducing an uneven temperature eld around the disc. Over short ( less than a few minutes) and high speed stops, thermal capacity is the most important thermal property, which is why a solid disc (with its higher mass) runs cooler than the vented design [3, 31] . In mountain descent braking, the disc brake temperatures may increase considerably when the vents are removed [31] . Aluminium, especially SiC-reinforced Al metal matrix composite materials, requires a lower operating temperature than grey cast iron (around 450°C ) [32] . Because the material su ers from low thermal capacity, it can only be used for relatively light passenger cars, say below 1000 kg. The introduction of aluminium composite discs or pure aluminium covered by a composite layer will probably increase judder problems, because of the high coe cient of thermal expansion and the low heat capacity [22] . The high thermal conductivity has therefore relatively little in uence on the hot spot and thermal DTV generation.
However, there are composite materials that might have the ability to reduce judder, namely ceramic materials. An example is a short bre reinforced SiC material (C/SiC ), which has recently been introduced in sports cars and high speed trains [33] . Judder is avoided because of the low coe cient of thermal expansion and low wear. Also, the low elastic modulus should promote uniform contact and reduce thermal DTV and hot spots. The excellent resistance to thermal damage of the material makes it suitable for disc brakes of heavy vehicles, where cracking of the normally used cast-iron disc is a problem. However, the high cost of the material excludes applications in the ordinary family car segment.
Vehicle structure
The front suspension is designed to admit large vibrations in the vertical direction. However, there is a vibration in the fore-aft direction [24, 27] which is related to brake judder, as well as a proportional angular vibration [24] . Brake judder is strongly related to the suspension design and the fore-aft exibility is a dominating parameter [27] . Stringham et al. [12] stated that the sti ness of the lower arm bushing is the most in uential parameter. It was found to a ect signi cantly the eigenfrequency of the suspension system in the fore-aft direction. Bosworth [34] studied the suspension structure in more detail and found the following factors controlling the judder:
(a) tie rod bush-radial and fore-aft sti ness; (b) lower arm bush-fore-aft sti ness; (c ) anti-roll bar-vertical sti ness.
In particular, the sti ness of the lower arm bushing is important, since it signi cantly a ects the eigenfrequency of the suspension system in the fore-aft direction [12, 34, 35] . Higher eigenfrequencies, which will reduce judder problems such as steering wheel vibrations, may be achieved either by higher sti ness of the rubber bushings or by a reduced value of the modal mass and inertia of the wheel suspension; see Jacobsson [5] .
However, modern suspensions have become more and more exible in the fore-aft direction because of the introduction of radial tyres [27] . This is necessary in order to absorb the longitudinal vibrations from the sti belt of the tyres.
Note that it is essential to measure the eigenfrequency and damping in the brake-on mode. When the brakes were not applied, the experimental vehicle was found to have a signi cantly higher eigenfrequency (18 Hz compared with 13.8 Hz) and a lower equivalent viscous damping factor (0.07 compared with 0.09) than measured under the same braking conditions; see reference [24] . Also the instantaneous centre of motion of the strut changes with the brake pressure level [5] . It moved gradually towards the wheel axle as the brake pressure increased.
TIME-SCALES
Brake judder depends strongly on the braking history, on the short as well as on the long time-scale. There are three di erent time-scales involved in brake judder:
(a) revolution time of the wheel; (b) brake application time or the time between two brakings; (c ) lifetime of brake components.
Traditionally, in brake design only the long-time changes are considered. In recent years, changes during braking have also been focused on. The generation of localized contact area, pressure and temperature gradients, such as hot banding, has been studied. It is found that DTV is a dynamic property that may change considerably during a brake application [7, 11] .
Changes within the time of a wheel revolution are normally not included, primarily because of di culties D12302 © IMechE 2003
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APPROACH
The way of looking at and describing a problem is here called the problem approach. It is a theoretical abstraction, 'a conception of the world', including a model and its system limits. The problem approach determines which physical e ects can be studied and also states the time and space scale. The chosen problem approach will have consequences for how to analyse the problem as well as for the type of solution that will be found. It also determines which type of analytical and experimental tool is the most appropriate. When studying the literature on brake judder, it is clear that two fundamentally di erent approaches are in use, namely the cause and e ect approaches. While the e ect approach focuses on the source of the vibrations in the form of amplitude and vibrational order of the BTV and/or BPV, the cause approach deals with a number of physical e ects such as wear and heating; see Fig. 3 .
The e ect approach can be further split into di erent approaches [4]: 1. The system approach examines how a model of the vehicle or the wheel suspension together with BTV/BPV generates judder. The braking process is usually represented by a constant frequency which can be parametrically changed. It is used mostly in experimental analysis [13, 25, 36] . Also, some quasistatic analyses may be found in literature. Kim et al. [35] used multibody system ( MBS ) analysis of a model with 12 degrees of freedom (DOF ) of a McPherson-type suspension exposed to rst-order judder. 2. The frequency sweep approach examines how the braking process itself (including a frequency sweep) together with the BTV/BPV generates judder. The vehicle structure can be represented by a resonance corresponding to the actual critical speed [23] . 3. The human response approach studies the e ects of judder on one speci c test driver or on an average Fig. 3 Problem approaches person placed in a speci c vehicle. Alternatively, the human response to judder could be thought of as a third level where the judder level and frequency together with the weight, size and place of the person in the vehicle, etc. are the input.
Some approaches are listed in Table 1 together with related analytical and experimental methods and tools found in the literature [4] . For instance, FE analysis is the natural choice when studying BTV generation by means of, for instance, the TEI process. For the e ect approach, where the BTV can be represented by a sinusoidal brake torque disturbance, it is instead the vehicle or relevant parts thereof that should be modelled. Then MBS analysis (commercial programs are ADAMS DADS, etc.) is more relevant, especially for low frequency judder (say below 50 Hz).
In experimental brake judder studies, bench testing as well as road testing are used. Advantages of bench testing [11] are good reproducibility of the testing conditions, more accurate measurements, higher sensitivity of measurements, lower cost and less time consumption [37] . Disadvantages are that cooling conditions are not taken into account as well as the in uence of other machine elements and systems, which will a ect the transmission of BTV in the vehicle (tyres, wheel suspension, steering ) [11] . In road testing, the speci c problem occurs that the level of BTV/BPV cannot be controlled during a brake application. This problem may be handled by measuring BTV/BPV, instead of trying to control it by constant conditions such as speed, temperature, pressure, etc.; see references [9, 23] .
Causes of BTV/BPV
Traditionally, the source of the BTV/BPV has been focused on. It is a ected by a combination of the di erent physical e ects discussed in section 2. Disc run-out and DTV, which are geometrical irregularities of the disc, directly cause normal force variations and hence BTV/BPV; see Fig. 4 . Furthermore, the TEI process generates hot spots and sometimes remaining discoloured areas with locally di erent speci c volume and wear properties, which may aggravate the vibrations. Finally Fig. 4 BTV causes for a disc brake there is a contribution from the dynamic de ection of the disc, due to external forces such as tyre forces and unbalances.
One of the problems with brake analysis is that it is necessary to solve coupled de ection and temperature eld problems, with combined de ection and thermal load. Commercially available FE programs can handle pure mechanical or pure thermal problems. Brooks et al. [8 ] introduced a two-dimensional (i.e. axisymmetrical ) combined thermal and mechanical method of hot banding simulation of a disc brake. The basic idea is to switch between de ection and temperature eld calculations, each of which can be made in commercial FE programs such as ABAQUS. The FE model takes into account the time-dependent change in the contact area. A similar concept was developed by Kao et al. [7] . Both threedimensional (necessary to be able to model buckling) and axisymmetric models have been used to study the in uence of pad design parameters on thermal pad cracking as well as to simulate thermoelastic buckling and its coupling to TEI and thermal DTV.
Thermoelastic simulation of brake components under realistic conditions involves massive central processing unit computational e ort and data storage [7] . This is especially the case when simulating slow decelerations (i.e. sti problems) with long duration times. Unfortunately, it is this type of braking that generates the most pronounced hot spots. There are various ways to make the simulation more e ective:
1. Circumferential variations of the instantaneous disc surface conditions and geometry can be neglected. However, when studying brake judder problems, the circumferential variations are essential. 2. A specially dedicated contact element can be used to derive the frictional force and heat generated at the interface [3, 37] . 3. Solving the coupled eld problems simultaneously (see reference [14] ) is more accurate and e ective. However, since it relies on a Newton-type method from the 1990s the algorithms are not yet included in commercial FE programs. 4. A three-dimensional hybrid method which combines fast Fourier transform ( FFT ) techniques with FE methods has been developed by Floquet and
Dubourg [38] . The application of the Fourier transform (on a space variable) has the e ect of reducing the dimension of the problem. The variable is transformed into a discrete parameter, the frequency, and the corresponding partial derivatives are removed. The method can handle geometrically periodic but non-axisymmetric solids such as ventilated disc brakes. 5. The FE method can be applied directly to a perturbation method [39] . The basic idea is not to solve the transient problem but to consider the conditions under which a small perturbation in the temperature eld can grow exponentially in time. The method is applicable to transient processes as long as the contact area does not change with time. However, the contact area does change considerably with time during braking. 6. A pad model composed of spring-damper elements can be used [22] .
For vented discs and aluminium discs in particular, where the air ow is important, computational uid dynamics (CFD) is a useful tool. CFD is used by some rotor manufacturers to increase air ow [26, 40] . In a market survey [26] many companies saw the potential of combining FE analysis and CFD to gain more accurate temperature predictions. However, this would require enormous computational e orts.
As an alternative to CFD the convective cooling may be estimated by approximative methods. On a vented rotor, there are two di erent types of convective cooling: air cross-ow over the rotor surface and air pumped ow through the vents [3] . Brake rotor vane ow relations to estimate the heat convective transfer coe cient have long been used in brake system thermal modelling. Currently, two relations are recognized for ventilated disc air ow, those of Sisson and Limpert [30] . An alternative is to approximate the convective heat transfer coe cient from the Nusselt modulus [31, 32] and to correct it with empirically determined factors.
E ects of BTV/BPV
A few research projects have focused on the e ect of brake vibrations in the vehicle, despite the fact that it has been qualitatively described in the literature. Crolla and Lang [41] , Haigh et al. [17] and many others have described how brake judder rises to a maximum when passing through more or less distinct speeds. So far, the evaluation of brake judder has been done with a subjective method using a scale from 1 to 10, but hardly any simulations of brake judder in a vehicle have been carried out. Brake judder problems have traditionally been solved by use of trial and error rather than systematic methods.
In the literature there are a few sensitivity studies, but in practice no 'true' simulations. The di erence in that D12302 © IMechE 2003
Proc. Instn Mech. Engrs Vol. 217 Part D: J. Automobile Engineering 'true' simulations needs to be evaluated in the time plane. This involves not only a model of the vibration source (BTV/BPV ) and the vehicle structure and linkage (resonances and transfer) but also modelling of the braking event (frequency sweep, braking conditions); see Fig. 5 . Straightforward integration of di erential equations, without intelligent variable transformations or assumptions, using an ordinary equation-solving algorithm designed for non-sti problems (e.g. Runge-Kutta), is not an e cient way of dealing with this type of problem. The simulation will take an unnecessarily long time (hours or days), fail or crash. Also, the algorithms used by commercial mechanics programs such as ADAMS are slow and ine cient, if one wishes to follow a whole braking event. Hence, the maximal vibration levels will become largely overestimated at nite braking times. However, these types of programs are useful for quasistatic sensitivity analysis.
Sensitivity analysis
Applying the system approach, the solution to the judder problem will be to build robustness into the vehicle and thereby to make it less sensitive to BTV/BPV. The system of Engel et al. [25] consists of ve di erent steps, namely the brake disc, caliper and pad, tyre and hub-bearing unit, wheel knuckle and nally the steering system. There is also feedback between some steps in the outlined model. An attempt to model numerically the vehicle response to BTV was made by Kim et al. [35] , using MBS analysis of a similar vehicle structure. The modelling of the suspension system used in the calculations was, however, not described. Similar analyses are often carried out in the automotive industry, but seldom is the modelling described in the literature. However, the model of Augsburg et al. [11] was described in detail:
(a) calliper as two masses connected by a spring (representing the calliper sti ness in the fore-aft direction); (b) brake pads as springs; (c) brake piston by a mass; (d ) hydraulic system as volume accumulating elements.
The transfer path from the vibration source to the driver's contact points can be qualitatively investigated by simultaneous measurements of accelerations at various position such as wheel carrier, steering tie rod, Fig. 5 The frequency sweep approach steering wheel, etc. [13] . The sampled signals can be used to generate the transfer functions between di erent points [9, 36 ] . The technique can be used to describe both the brake excitation and the transfer functions that characterize vehicle sensibility.
The amplitude functions [23] can be seen as generalized transfer functions. They can be used to classify the braking event as well as the corresponding vibrations in the vehicle. An advantage of the amplitude function over the transfer function technique is that it works for much higher decelerations, since it does not rely on the FFT. The method also determines the eigenfrequencies with higher accuracy since it takes into account the time delay of the maximal ampli cation caused by the nite deceleration and the inertias of the system. If this time delay is not considered, the eigenfrequencies will be systematically underestimated, especially at high decelerations.
The analysis can be made in the frequency plane, provided that the braking starts above a certain limit, often 10-30 per cent above the critical speed [5] . The deceleration clearly 'cuts' the maximal vibration amplitude, especially at low damping. Already at relative damping levels of the order of 1 per cent the transient analysis (including the frequency sweep) is needed for the rstorder judder, except for in nitesimally small declerations.
Avilés et al. [42] studied a braking event with slowly decreasing speed and frequency. However, the conclusion was drawn that the peak of the vibration amplitude at a certain vehicle speed was altogether an e ect of the negative friction-velocity slope introduced in the model. The e ect of the frequency sweep was never analysed separately. The calculations were made in the frequency domain.
Judder vibration simulation
Most of the analyses and measurements of judder are made for braking with constant speed, i.e. constant revolution frequency of the wheel, as well as constant pressure and temperature. An argument is that it is easier to measure and analyse vibrations on the basis of this prescription. Another bene t of measuring at constant speed is e cient data analysis in the frequency domain. However, in a real braking situation, the frequency is not constant.
There is a dynamic ampli cation of the brake torque and pressure variations when passing through, or coming close to, a critical speed of a vehicle. The vibration starts when the braking force is applied and reaches a maximal amplitude at a certain speed. It is continued until low speed if the braking force is continuously applied. This is the typical behaviour of a forced vibration with relatively constant source amplitude but with a sweeping frequency; Fig. 6 .
A two-DOF rotor-stator model [24] with a linearly D12302 © IMechE 2003 Proc. Instn Mech. Engrs Vol. 217 Part D: J. Automobile Engineering decreasing disc speed possesses the main characteristics of judder, as shown in Fig. 6 . Before analysis the de ection angles of rotor/disc and stator/caliper respectively were split into vibration-free parts W and W C (rotation static de ection) and the superimposed vibrations Q D and Q C respectively. The shape of the amplitude function E describes the relative vibration level Q C (second time derivative of Q C ) almost exactly. All parameters of the rotor-stator model can be experimentally generated.
A full-vehicle model [5] shows the same 'judder behaviour' but can also explain some other e ects. It is more complicated since it demands information about the wind speed, slip, etc.
It is generally accepted that the front wheel suspension of passenger cars has a rigid body fore-aft vibration mode resonance in the frequency range 10-20 Hz and that this resonance is responsible for lower-order judder at corresponding velocities. This corresponds to a maximal amplitude of the vibrations at a critical vehicle speed of between 60 and 140 km/h for the rst-order judder. The second-order judder will have a corresponding critical speed ( because of the same resonance) of between 30 and 70 km/h. The present vehicle had a resonance near 14 Hz, corresponding to a rst-order critical speed of 95 km/h.
The following possibilities for reducing judder were found [5] :
(a) decreased BTV and/or BPV, which will lead back to the cause approach; (b) increased relative stator mass and inertia moment compared with the rotor; (c) increased damping; (d ) lighter braking; (e) higher eigenfrequency.
A lighter vehicle and a smaller wheel radius decrease the judder problems [5] . A reduction of the vehicle mass will also decrease the thermal DTV and hotspots and reduce the risk of thermal cracking, provided that the thermal capacity of the disc remains the same. A lighter stator (i.e. strut and eventually disc) will tend to increase the judder problems, since the ampli cation of BTV will become larger.
FUTURE
The eld of low frequency braking induced vibrations is still characterized by confusion. Much research is needed in this area before a fairly clear picture becomes apparent. The author nds the following areas especially interesting:
(a) simulation of BTV generation combining wear and TEI (wear, especially hot and high pressure wear, tends to counteract the TEI process); (b) the groan phenomenon; (c) friction lms; Fig. 6 Model and corresponding brake judder simulation versus measurement (d ) the TEI process and its connection to thermoelastic buckling; (e) studying wheel suspension vibration modes during brake-on conditions; (f ) the relation between BTV and simultaneous variations in geometry (DTV, run-out, equivalent brake radius) and friction coe cient; (g) prediction of BTV level and order for speci ed design parameters and braking conditions; (h) developing models for simulation of vibration levels in a vehicle at speci ed BTV.
Generally, in brake judder analysis it is recommended to split the investigations into two parts:
1. Analysis of sources of irregularities such as DTV, etc. This involves thermomechanical FE analysis of the brake components or dynamometer tests. These types of calculations are extremely time demanding. 2. Analysis of the e ect of the irregularities in the vehicle.
If the disturbances (which may be output from FE analysis or dynamometer measurements) are given as functions of time, very fast simulation can be carried out by means of the amplitude function technique described in this work.
The amplitude function technique is still at an early stage, but there are no di culties in principle involved in using it to analyse multiple mass system models of a whole vehicle. Such models would be useful in determining design criteria of brake components and suspensions, etc.
